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Abstract

The paper presents the comparative analysis of neural and neurofuzzy networks in the aspect
of learning algorithms and application features. Two kinds of networks have been compared:
the supervised and selforganizing feedforward structures. The characteristic features of network
structures as well as learning algorithms are analyzed and compared. It was shown that neuro-
fuzzy networks are some generalization of the classical networks, may fulfill the same role and
their training is easier and more effective than classical one.



1 Introduction

The complex real life problems require intelligent systems that combine knowledge and me-
thodologies from various sources and supposing to possess humanlike expertise, able to adapt
themseves and learn to behave according to changing environment. Neural networks seem to
be one of the solutions to such challenge. They emerged as the separate branch of research in
the eighties and now form very well developed subject. They combine many different branches,
such as biology, electrical and electronic engineering, signal processing, optimization theory,
statistics etc.

The main attribute of neural procesing is its nonlinear and adaptive learning capability,
which enable to recognize the possible variations of the objects or pattern and to identify the
unknown functions based on finite set of training data. Thanks to this they have the potential
to push the technology barrier beyond conventional approaches.

The most important element of neural networks is the neuron. Defined in different ways and
interconnected in various structures, neurons can create different kinds of networks, belonging
generally to two classes: the feedforward and recurrent one [9, 13, 15]. On the other hand dif-
ferent learning methods lead to different solutions, applicable in some specific problems. These
learning methods can fall into two general classes: the supervised learning, where the input
vector is associated with the target and unsupervised learning, where only input vector is pre-
sented at the learning stage. The most representative for the first group is the backpropagation
learning, applying usually the gradient methods of the first or second order. The second group
methods belong either to competitive or correlation (Hebbian) learning.

The classical neural networks are very well developed from both learning theory and applica-
tion point of view [9, 12, 13]. Recently great attention has been paid to the fuzzy generalization
of these networks, leading to the so called neurofuzzy networks. Neurofuzzy networks employ
the theory of fuzzy sets [1, 4, 5, 6] and include it into both learning algorithms and network
structure. Inclusion of adaptive fuzzy inference systems into neural networks has led to the
improvement of the quality of solutions delivered by neural networks. Thanks to clear interpre-
tation of the fuzzy parameters and their strict association with the learning data it is possible
to accelerate learning and obtain good generalization ability of these neurofuzzy networks.

This paper will present the most important aspects of both classical and neurofuzzy solutions
of neural networks. Only feedforward selforganizing structures will be considered and analysed.
The competitive (unsupervised) approaches to learning will be presented and compared.

2 Hard clustering neural networks

Competitive neural networks are extensively used to organize and categorize data on the basis
of the input vector x delivered to the input of the neural network. The competitive network is
usually the one layer feedforward structure presented in Fig. 1. All N inputs are connected to
all M output units through the weights w;;. The number of inputs is equal to the dimension
of vector x, while the number of outputs is equal to the number of clusters that the data are
to be divided into. The cluster center’s position is specified by the weight vector connected
to the corresponding output neuron. The input vector x = [z, z3, ..., zn]7 and the weight
vector w; = [w;y, Wi, ..., 'wiN]T for the ¢th unit are generally assumed to be normalized to unit
length. The net activation value net; of unit ¢ is calculated as the inner product of the input



and weight vectors
N

neti = Z LW = XTWZ' = WZTX (1)
=1
Next the output unit with highest activation net signal is treated as the winner and selected
for further processing. All other neurons are loosers with output signals equal zero. This is so
called winner takes all (WTA) strategy. The winner for some compact data points represents the
cluster of these data. The adaptation of weights of the neurons leading to the best organisation
of partition of data can be performed either in on-line or off-line process.

2.1 On-line clustering algorithms

The classical neural solutions for clustering problem, that have begun with Kohonen works [10],
usually apply the on-line approach, in which the update of weights is done after presentation
of each input data vector x. In the process of learning, the neurons are self organizing, where
the self organization algorithm is formed by the sequence of the following operations [10, 13]

e present the input vector x to the network

e find the area in the network where the specific neuron responds most strongly to the
previously presented vector x; the winner unit N, is the one, whose weight vector is
nearest in the sense of assumed distance measure, to the input vector

e update the weights of the selected neurons of this area in the direction towards the vector
X.

Repeating these sequences many times brings the network to an organized state, in which each
neuron represents one separate cluster of data.

In the standard on-line algorithm we update the weights of the neurons found in the neigh-
bourhood around the winning neuron N,,, according to the following rule

Wit + 1) = wi(l) + (1) Gk, ) [x(1) = wi(1)] (2)

where wy 1s the vector of weights of kth neuron found in the neighbourhood of the winner,
n is the learning coefficient, GG(k,x) is the neighbourhood function of kth neuron and ¢ is the
discrete time index.

Different strategies in choosing neighbourhood function G(k,x) result in variety of algori-
thms of learning. Well known is the Kohonen rule with Gaussian function, in which

G(k,x) = exp [—
where d(k,w) is the Euclidean distance between the weight vector of kth neuron and winner
w, and A is the neighbourhood parameter, decreasing in time.

The other very powerful algorithm is so called neural gas, in which the neighbourhood
function is defined in terms of the distance between the input vector x and the weight vector
of the neuron. In this approach we arrange the neurons according to these distances, i.e.,

do<di <dy - <dp_q (4)



where d, =|| X =Wy, || for m =0, 1, ..., n-1. The value of the neighbourhood function is then

defined as follows i)
G(i,x) =e % (5)

where m(7) means the position of ith neuron after sorting and X is the parameter decreasing in

ACK) = Ao (AW“)MW (6)

)‘max

time

The learning coefficient 5 in all approaches is usually decreased in time either exponentially
or linearly. The algorithm of neural gas is regarded as one of the most effective methods of
training the Kohonen network, allowing to obtain very good organization of network.

Another algorithm of selforganization, often used in noncontinuous function approximation
is the Winner Takes All (WTA). It is especially often used in classification tasks, in which
each neuron is responsible for one class. In this algorithm only winner is updated each time
after presentation of the learning vector. Adaptation mechanism of WTA modifies only the
weights of winners using the Kohonen rule, described by (2) with the neighbourhood function
equal 1 for winner and zero for other neurons. In this algorithm the problem of so called ”"dead”
neurons that never win the competition is very important. To solve this problem the conscience
mechanism is added, which modifies the distance between the input vector x and the weight
vector of the neuron appropriately to the previous activity of the neuron. Neurons winning
too often are punished by increasing this distance at the stage of competition. The typical
modification is to multiply the real distance by the coefficient proportional to the number of
victories of this neuron in the past, i.e. ,

d(k,x) « Crd(k,x)

where C}, is the coefficient proportional to the number of winnings of kth neuron in the past.
Thanks to such modification each neuron gets the chance to win and update its weights. The
conscience mechanism is usually applied only at he first stage, allowing all neurons to participate
in learning. After making all neurons active at the last stage of learning this mechanism should
be turned off, allowing free competition among the neurons.

2.2 Off-line clustering algorithm

The batch mode (off-line) operation of the selforganisation algorithm, often called also K-means
or hard K-means algorithm, provides a simple mechanism for minimizing the sum of squared
errors with K clusters, with each cluster consisting of a set of n samples that are similar to
each other. The algorithm can be presented as follows.

e Choose a set of initial clusters ¢y, cg, ..., cx, arbitrarily

o Assign the samples to the K clusters using the minimum Euclidean distance rule, accor-
ding to which x belongs to cluster C; if | x —¢; ||<|| x — ¢; || for j # 5

e Compute new cluster prototypes as the mean of all vectors in group :

Ci:%ZXk

! x,€0;

K

where n; denotes the number of vectors x beeing assigned with ith cluster (3> .2, n; = n).



o If any prototype changes return to step 2; otherwise stop.

At the end of iterations the cluster centers c; represent the weight vectors w; of the neurons
(w; = ¢;). The K-means algorithm partitions a collection of vectors x into K groups and finds
the cluster center in each group such that a cost function of dissimilarity or distance measure
is minimized. Assuming the Euclidean distance as this measure, the overall cost function can

be defined as follows .
E=Z(Z!l><k—cin2) (7)
=1

= XLeC;

For n data points and K clusters the partitioned groups can be fully described by the K x n
binary membership matrix U with element u;; equal 1 if jth data point x; belongs to group :
and 0 otherwise, i.e.,

ws = { L oif ||x;—ci |I*’<|| x; —ci ||* for each k #1 (8)

0 otherwise

In hard clustering a given data point can only be in one group, thus the the membership matrix

U has the following properties:
K

Zuij = 1 (9)

for all data points j= 1, 2, ..., n, and

n

ZZu” =n (10)

=1 j=1

The hard clustering algorithm does not take into account the relative activities of the neurons,
rewarding only the winner. The looser’s membership value is always zero, irrespective of its
level of internal activation.

2.3 Numerical experiments

Different strategies of hard competitive learning introduced in the previous sections have been
implemented in C and checked in numerical experiments. Fig. 2 shows the distribution of
2-dimensional data points used in the experiments. White area means the space without data.
The distribution of data in other regions has been assumed as uniform.

Fig. 3 presents the results of organization of 40 neurons, representing these data. Fig. 3a
corresponds to the original Kohonen algorithm, Fig. 3b — to the neural gas and Fig. 3¢ — to
the hard WTA with conscience mechanism. As it is seen the best results of organisation in the
sense of minimum quantization error has been obtained using neural gas and WTA method.
The neurons are placed in the regions of high density of data. The original Kohonen algorithm
is evidently inefficient. The neurons not necessarily represent regions with high density of data
points and some neurons are trapped in the subregions deprived of data (white areas in the
figures).

Fig. 4 shows the results of organisation of 200 neurons representing the same distribution of
data from Fig. 2. Once again Fig. 4a corresponds to the Kohonen algorithm, Fig. 4b — neural
gas and Fig. 4c — the WTA algorithm with conscience mechanism. The representation of data



is this time much finer, since more cluster centers (neurons) are allowed. However once again
the least efficient is the Kohonen algorithm, stuck in some higly unsatisfactory local minimum
(many neurons occupy positions, where no data points are available).

The obtained quantization error information is also meaningfull. Taking as a measure of
organization the quantization error E, of the tested data, where

(E - error function described by (7) and n — number of data points) in the case of 200 neurons
we got : E, = 0.007139, for WTA, E, = 0.007050 for neural gas and FE, = 0.010763 for
Kohonen algorithm. In the case of 40 neurons we got respectively: £, = 0.017416 (WTA),
E, = 0.017599 (neural gas) and F, = 0.02539 (Kohonen algorithm). It is evident that both
neural gas and WTA with conscience mechanism behave similarly, while Kohonen algorithm is
the worst, irrespective of the number of neurons.

3 Fuzzy clustering networks

3.1 Basic clustering algorithm

Fuzzy clustering, called also C-means clustering is an algorithm in which each data point
belongs to the particular cluster to some degree, called the membership grade p. The particular
membership value of some data x to the set F' is usually defined through the use of membership
function p(z). In this paper we will use the generalized Gaussian function defined as

o) = eap (-2 70) (1)

g

The parameter ¢ is the center of the function, ¢ characterizes the width of it and b controls the
shape. At b =1 it is the ordinary Gaussian function, at b > 1 it is the trapezoidal shape and
the triangular character is achieved at the values of b between 0.4 and 0.8.

Similarly to the hard case the fuzzy clustering partitions a collection of n vectors x; into K
fuzzy groups and finds a cluster center of each group such that a cost function of dissimilarity
measure is minimized. The vector x belongs to the cluster with the membership grade described
by the equation (11) with the scalars replaced by the vectors, i.e.,

p(x) = exp GM) (12)

2

This membership value strongly depends on the distance from the data x to the center of the
cluster. This time the vector x can belong to several groups with a degree of membership taking
value from 0 to 1. Thus the entries of the matrix U introduced in the previous chapter have

the values between 0 and 1 with .
39

Zuij =1 (13)

i=1

for all data vectors. The overall cost function (7) can be now redefined as follows

n

K
E=Y Y ulflei—x; | (14)
=1

[l



with m the weighting exponent, m € [1, oc]. To reach the minimum of this cost function we
have to take into account the constraint (13). For this we introduce the lagrangian function
LE, defined as follows

K n n K
LE=Y Y ullllci—x; [IP+) A\ (Zuzjq) (15)
=1 j j=1 i=1

where \; are the Lagrange multipliers for n constraints of equation (13). The necessary condi-
tions for minimum of the lagrangian function are as follows [2, 6]

ko3 . m .
Zj=1 U5 X;

Z]‘:1 U
and !
U” = < dij 1/(m—1) (17)
= (52)

where d;; is the Euclidean distance between center ¢; and data vector x;. The fuzzy C-means
clustering algorithm can be stated as follows [1, 6, 7]

o Initialize the matrix U with random values between 0 and 1 in such a way, that constraints

(13) are satisfied.
e Find K fuzzy cluster centers ¢; using equation (16).

e Calculate the cost function (14). If E is below the assumed tolerance value or its impro-
vement over previous iteration is negligible — stop, else go to next step.

e Calculate new entries of the matrix U using equation (17) and go to step 2.

This iterated procedure repeated many times leads to some minimum of £, which however is
not necessarily the global minimum. The quality of solution is determined by the choice of the
initial cluster centers following from the random values of the matrix U. The centers should
be concentrated in these areas where most of the multidimensional data points are distributed.
Only in the case of uniform distribution the placement of the centers is easy and should be also
uniform. In other cases special methods of density distribution of data should be applied. The
most known are the mountain clustering method and subtractive clustering [5, 6].

3.2 Estimation of density distribution of data

The mountain clustering method has been proposed by Yager and Filev in [|. It creates the so
called mountain function as a measure of density of data points. For a grid on a data space
with intersections of the grid lines constituting the potential clustering centers v, we form so

m(v) = Z exp (-%) (18)

=1

called mountain function

The vector x; is the :th data point, v is the potential multidimensional center, o is application
specific constant and the value od m(v) means the height of the function. The mountain function
can be regarded as a measure of density, since it is higher for the centers where more data points



are concentrated and lower where fewer data points are around. The constant ¢ influences the
shape of the function but its impact on the final results of clustering is rather insignificant.
After creating mountain functions for all potential centers we select as the first (c¢q) this one,
for which the the value of m(v) is the greatest. Obtaining the next cluster center requires to
eliminate the points in the close neighbourhood of the first found center. To do this we redefine
the mountain function by subtracting a scaled Gaussian function centered at ¢,

[v—ci |

() = i) = mferjeap (-1 25 (19)
After subtracting the new mountain function m,.,(v) reduces to zero at v .= ¢;. The second
cluster center is now again selected as the point v having the largest value of the new mountain
function. The process of redefinition of the mountain function continues until a sufficient num-
ber of cluster centers is found. The mountain method is quite effective for limited dimension
problems. When the dimensionality grows more and more a lot of new grid points should be
created to cover the whole space. Thus the overall computation cost grows exponentially with
the dimension of the problem, making the method inefficient.

The subtractive clustering avoids this difficulty by considering as the center candidates the
data points instead of grid points. Thanks to this the computation cost is simply proportional
to the number of data points and is independent on the dimension of the problem. In this
method the data density measure at data point x; is calculated as following

D; = jz:;exp (-W) (20)

with r, the radius (constant) defining neighbourhood. The data outside this radius contribute
only slightly to the density measure. Hence the data point has high density measure if it has
many neighboring points. The first center is selected as the data point x.; with highest density
measure, ¢; = X.1. After selecting it we redefine the density measure as

[ x; — e |I*

D;,., = D; = Di(e1)exp (—— (21)
(rs/2)"

where 7y, is the new radius (constant) defining neighbourhood which characterizes the reduction

of the density measure. Usually r; is larger than r,. After revising the density measure for each

data point the next cluster center is selected and the density measure redefined again. The

process 1is iterated until sufficient number of cluster centers is generated.

3.3 Fuzzy selforganizing neural network

The cluster centers are the most important parameters of the clusterization. If we want to find
out the centers of the fuzzy rule for the premise part and the consequent part of the fuzzy
inference simultaneously, we can concatenate the input and output information into one longer
vector and process the clustrization on this vector. After the clusterization the obtained center
vectors ¢; are decomposed into two component vectors: p; of the input dimension and q; of the
output dimension. Then given an input vector x, the degree to which fuzzy rule 2 is fulfilled, is
given by the generalized Gaussian function

Ch. |2
b= cxp GM) (22)

o2



Similar relation describes the membership value of the consequent part of the fuzzy rule with
the input vector x replaced by the output vector y and p replaced by vector q.

After performing the clusterization process the nonlinear x — y mapping of the system can
be finally defined. Applying for example the Wang - Mendel modification of the fuzzy inference
engine [16] the response of the system at any point x is defined in the following form

K _ 2b
S qreap (—BA)
fx) = —— —
K _lIx=p

=1 exTp 2

The parameters p; and q; (for simplicity we have assumed only one output system of q scalar)
denote the centers of the premise (input) and consequent (output) part of the fuzzy rules [ for
1=1, 2, ..., K, adjusted in the previous stage. The parameter ¢ is a constant, chosen according
to the specific application. From the input - output mapping point of view the fuzzy system,
described by the equation (23) can be represented in a schematic form shown in Fig. 5. For

(23)

y ‘—c( ) .
simplicity we have introduced here the notations ,uz(-]) = exp (_ (i GQ’J )2> fori=1,2, ..., Nand
j=1,2, ..., Kand p,(x) = Hf\; ,uz(-j) for j=1, 2, ...,K. This system is called the neurofuzzy

network, since it resembles the multilayer feedforward neural network structure.

3.4 Adaptive clustering algorithm

The algorithm described in the previous section requires to know a’priori the number of clusters
of data. More flexible is the algorithm which automatically creates the clusters according to
the specificity of data. It works in the on-line mode. The algorithm can be presented in the
following form [16]

e Start with the first data pair (xy, y;) with x — the input vector and y — the scalar
destination). Establish first cluster center ¢; at x; and initialize Wy = 31, L1 = 1. Set the
value of radius r.

e Assume that at kth input - output pair (xz, yx) for k= 2, 3, ...n, there are K clusters
with centers at ¢y, cg, ..., cx. For this kth pair compute the distances between the input
vector x;, and all existing cluster centers, i.e., || xx —¢; || for 1= 1, 2, ..., K.

— If all | xx — ¢; ||> r establish new cluster center cxi; = xi and set Wiy = yp,
Liy1 = 1. The parameters W and L of the former clusters keep unchanged, i.e.,

Wi(k) =Wi(k —1), Li(k) = Li(k = 1) for I=1, 2, ..., K. Change K +1 — K.
— If || x¢ — ¢; ||< r update the Ith cluster center

Cl(k — l)Lz(k‘ — 1) + X

k) = 24
ci(k) o (21)
and the parameters associated with it, i.e,
Wi(k) = Wik —1) +yx (25)
Li(k) = Li(k—1)+1 (26)

The parameters W and L of all other clusters keep unchanged, i.e., Wi(k) = Wi (k—1),
Ll(k‘) = Ll(k‘ — 1) for 1:1, 2, ceey K.



Repeating these steps for all training data points creates limited number of clusters. This
number is stronly dependent on the assumed radius r. The smaller the value of r the more
clusters are established. On the other hand increasing this value results in reduction of clusters
and division of data space into smaller number of subregions (higher quantization error). We
can find an appropriate value of r for a specific problem by trial and error.

After performing the clusterization we get the representation of the data in the fuzzy form
analogous to the expression (23), which can be now stated as following [16]

Yoisy Wieap (—7”’(_?”2)
K Liexp (_M)

o2

f(x) (27)

Thus the network structure corresponding to it is also similar to that presented in Fig. 2 with
some notational changes following from different names of variables.

3.5 Numerical experiments

Fuzzy selforganizing algorithm, supported by the mountain clustering method, has been imple-
mented in C and checked on the same data as hard clustering. The same numbers of cluster
centers (40 and 200) have been used in experiments. The graphical results showing the di-
stribution of cluster centers corresponding to these data points are presented in Fig. 6. Fig.
6a corresponds to 40 cluster and Fig. 6b to 200 clusters. Note that although they resemble
previous results to some degree, this time the areas of attraction of the neighbouring centers
overlap with different membership values. The approximation of data (equation (23)) takes into
account not only the winners but also the clusters closest to the winners. Thanks to this the
final quantization error has been dropped. For example for 40 centers the quantization errors

is equal £, = 0.01539 and for 200 centers we got E, = 0.005739.

4 Comparative study of results

It should be noted that fuzzy clustering networks can be regarded as the generalization of hard
clustering. In fuzzy systems each data point belongs to different clusters with some membership
value dependent on the distance from the cluster center to the input vector x. Hence each
cluster influences the final response of the system and this influence strongly depends on the
membership value. In contrast to this hard clustering means association of the data vector with
one cluster and only this cluster through its weights influences the final response of the system.

In hard clustering systems moving the input vector within the attraction region of the cluster
center does not change the output of the system because the weights of the winning vector are
not changing. We may say that hard clustering realizes the piecewise constant approximation
strategy, while fuzzy clustering, where change of x changes degree of membership of x to
different clusters, means piecewise nonlinear mapping form input to output space.

Fig. 7 presents the results of approximation of 1-dimensional sine function using the hard
clustering and fuzzy clustering network. Only 20 neurons have been used. The hard clustering
approximates the curve in piecewise constant manner, while fuzzy clustering, corresponding to
the piecewise nonlinear mapping, makes the approximation smoother and more accurate.

The learning methods of both systems also differ, althouth this time we can point out
some similarities. Kohonen algorithm with all variants except strict WTA approach takes into



account the activity of not only the winner but also the neurons in the close neighbourhood of
it. The neural gas for example puts all neurons in some ordering, based on the distance measure
from the input vector to the appropriate centers. Such ordering greatly influences the update
of the weights. It is an analogy to the fuzzy clustering, where this distance measure is the main
factor taken into account at updating the weights. However this is true only at the learning
stage. In retrieval mode only winner is important in hard clustering networks, while neurofuzzy
networks take into account the activity of many neurons. Thus the neurofuzzy clustring systems
are more flexible in the applications, where the approximation capability of the system is of
great importance.

5 Conclusions

The selforganizing clustering neural systems act on a local basis, where the activity of neuron
is restricted to some limited region of the input space. In hard clustering the receptive fields of
the neurons do not overlap while in fuzzy clustering the receptive fields of many neurons may
overlap. The final response of the system in the first case is dependent on the activity of only
one winning neuron, while in the latter case many neurons influence this response.

Fuzzy clustering systems resemble radial basis function (RBF) networks to great extent,
since these networks also employ local receptive fields to perform function mapping. The most
popular receptive field of RBF networks is the pure Gaussian function

R(x) = exp (-M) (28)

g

which is just special case (b = 1) of the generalized function (12) used in fuzzy neural networks.

Different membership functions (triangle, trapezoidal, logistic, Gaussian, etc) used in fuzzy
systems make them more universal in practical applications and easier to adapt to particular
situation. Thus the adaptive fuzzy systems constitute a much larger functional space than
classical artificial neural networks. Besides this the adaptive fuzzy systems are easily adaptable
to process the linguistic information (through the concept of fuzzification), whereas the latter
are not.
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